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Fig. 4 Correlation and prediction of shock layer proper-
ties as a function of flight conditions.

bols) at this body station for the four flight conditions as
compared to the composition based on the nozzle entropy
correlation (solid lines).1:? The species considered are O,, Ny,
O and N. With the exception of the order of magnitude dis-
agreement between the calculated value of N and the value
for N predicted by the correlation at the 50-k ft condition,
the overall agreement is quite good, and the correlation ap-
pears to predict the chemical properties in the frozen non-
equilibrium portion of the inviscid center body stream tube
quite well.

Figure 4 presents the entropy correlation of shock layer
flow properties as a function of vehicle flight conditions.
Flight velocity (v.) and center body stream tube stagnation
point enthalpy (H./RT,) are presented vs entropy (S/R).
Lines of constant flight altitude (h) and stagnation point
electron density [Nesequinny] are also ineluded. The four
flight conditions that were used are shown (filled circles) as
well as the flight point from Ref. 11 (open cirele).* The alti-
tude boundaries for achieving a viscous boundary-layer
inviseid shock layer flow are presented for both a 0.5 in. and
1.0-ft nose radius center body. The other limit line is the
frozen line.%:%7 Presented below the flight condition plot in
Fig. 4 is a replot of the entropy correlation of neutral species
and electron concentration. One need only to use the top
half of Fig. 4 to determine the stagnation point entropy value
at any given point on a flight trajectory (v., and z). Then, by
projecting straight down along this entropy value to the
curves below, an estimate of the electron concentration is ob-
tained as well as fairly accurate guantitative values of the
neutral chemical species concentration. Thus, for example,
a vehicle at 100-k ft altitude and flying at 25,000 fps is pre-
dicted to have a downstream center body stream tube electron
density value of 3 X 10~¢ (mol/g mix.) and the neutral
chemical species composition specified at the entropy (S/R)
value of 46. The stagnation point equilibrium electron den-
sity value will be 10% electrons/cm?.

The applicability of this shock layer prediction technique
is as shown in Fig. 4. Therefore, the prediction technique is
generally applicable from A = 200-k ft for »., between 22 to
33-k fps to A = 50-k for v, between 12-k fps to 30-k fps.
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Amplification by Wave Distortion
in Unstable Combustors
M. . HEIDMANN®*

NASA Lewis Research Center, Cleveland, Ohio

Nomenclature

Cy = proportionality constant

c = speed of sound

D = drop diameter

n = harmonic order

P’ = pressure perturbation

py,p: = harmonie coefficients for P’

Re = Reynolds number of drop

® = response (burning rate perturbation in-phase with
pressure oscillation) deseribed by Eq. (5)

¢ = time

U = magnitude of relative drop velocity vector

U = axial velocity of drop

U, us, Uy = gas velocity in axial, tangential and radial directions

W,W’ = normalized drop burning rate (actual and perturba-
tion)

w,wy = drop burning rate (actual and initial value)

v = ratio of specific heats

p,5,0" = gas density (actual, mean value and perturbation)

»2 = phase relation between first and second harmonic
components

Pu = phase relation between pressure and acoustic particle
velocity

u = gas viscosity

Received September 2, 1970; revision received October 15,
1970.
* Aerospace Scientist, Member ATAA.
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w = frequency
AV = relative axial velocity of drop

dimensionless perturbations, *’ = (z — %)/

Introduction

COUSTIC mode instability in rocket and jet engines
almost invariably exhibits some type of wave distortion
(pressure waves which depart from pure sinusoidal forms).
In this Note, a brief analysis is presented that shows engine
stability to be highly dependent on this distortion—even when
the distortion is small and ‘seemingly negligible.

The analysis is based on a combustion model where burning
rate is simply related to a Reynolds number to the one-half
power. As such, the model generally represents the convec-
tive heat or mass transfer processes but, in this study, drop
vaporization in liquid propellant rocket combustors is of
specific interest. During steady combustion, the burning rate
in liquid rockets is usually vaporization limited. Unsteady
combustion is also expected to depend on the vaporization
process. Dynamic analysis of the vaporization process with
pure sinusoidal wave shapes,1.2 however, shows an acoustic
gain which is insufficient to overcome acoustic losses.

Priem and Guentert? using a simple vaporization process—
burning rate proportional to the one-half power of Reynolds
number—showed, by nonlinear numerical analysis, that a
finite perturbation produced instability. Examining the de-
tailed numerical computations reveals a property that is very
important in instability. Distorted acoustic oscillations are
always generated. Although a sinusoidal disturbance is
initially introduced, this property is quickly lost and the dis-
turbance develops into a distorted waveform.

Analysis

The open-loop response of the combustion process will be
calculated to predict the acoustic amplification of the process
within an unstable combustor. In such open-loop analysis,
the perturbations in burning rate caused by assumed acoustic
oscillations are calculated.

The burning rate is assumed to be given by

w = c(Re)'* = ai(DpU/uw)V* (1

This simulates vaporization limited combustion when con-
vective heat transfer to the drop dominates the rate process.

For an axially moving drop in a cylinder, U is the magni-
tude of a relative velocity vector defined by

U2 = (ui = u.)? + ue® + u.? @)

For this analysis w; — u., u and D are assumed constant
and u, is neglected. These assumptions basically restrict the
results to high frequencies or large drops and to transverse
oscillations in a cylinder. The same assumptions were origi-
nally used by Priem and Guentert in Ref. 3.

Defining the gas density as p = 5(1 + p’), a nondimen-
sional burning rate, W, can be expressed as

W= w/wy = (1 + p)2[L + (u/ AV} (3)
where
wy = c(PDAV/ V2, AV = |ur — u

Acoustic waves distorted by second harmonic content are
assumed to be approximated by

P’ = py coswt + psy cos(2wt — ¢3)
p’ = (1/v)[p1 coswt + ps cosRwt — s)]
up = (¢/7)[p1 cos(wt — @) + ps cosQut — @2 — @u)] (4)

These relations allow for a variable amount of second har-
monic content and a variable phase relation (¢.) between the
first and second harmonics. Depending upon the acoustic
mode, particle velocities can vary from an in-phase to an out-
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Fig.1 Effect of amount of harmonic content on response.
@2 =03 gu = 03 AV/C = 0.02; v = 1.2.

of-phase relation with the pressure oscillation. The velocity
phase angle ¢, allows for this variation.

An important parameter obtained from comparing the
burning rate with the acoustic oscillations is the component of
burning rate which is in-phase with the pressure oscillation.
This in-phase component will be referred to as the response ®.
It can be extracted from the burning rate perturbations and
nondimensionalized by a correlation procedure defined by

2 1o 27 ,
<R=j; WPdwt/fO (P2t )

The response @ is a measure of the ability of a combustion
process to drive acoustic oscillations. In linear analyses an &
greater than about unity usually implies unstable behavior.
Whether the same criterion applies to distorted waves has not
been rigorously established. Lacking analytical proof at this
time, the criterion for the distorted waves considered in this
analysis will be assumed the same as that for linear waves.

Exact solutions for the response ® were obtained by nu-
merical techniques. The burning rate during one cycle of an
assumed acoustic oscillation was computed by combining
Eqs. (3) and (4) and the response ® was obtained by numeri-
cal integration of Eq. (5).

Results

The effect of varying the amounts of second harmonic
content in the acoustic oscillations on response & is shown in
Fig. 1 (wave shapes are shown to indicate the distortion being
considered). The response increases with the amount of
second harmonic distortion when the distortion is relatively
small. A maximum response is obtained where the second
harmonic amplitude is 609, to 809, of the first harmonic.
For any constant amount of second harmonic distortion, the
response is a maximum for a pressure amplitude of about 0.02.
One of the reasons for the decreased response at high ampli-
tudes is a rapidly increasing average burning rate with ampli-
tude. Large average rates reduce the relative size of any
perturbation and reduce the response.

The lower curve in Fig. 1 (po/p1 = 0) is the response for
pure sinusoidal oscillations and provides a reference condition
to gage the effect of distortion on response. The response for
sinusoidal oscillations is relatively insensitive to the amplitude
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Fig. 2 Independent effect of second harmonic phase
angle ¢, and velocity phase angle ¢, on response. AV/C =
0.02; P:/P, = 0.2; v = 1.2,

of the oscillations. Compared to these sinusoidal oscillations
waves distorted by second harmoniecs can amplify the response
by a factor of 10. Although this large increase occurs for a
relatively large amount of second harmonic content, the re-
sults demonstrate the extreme sensitivity of the process to
harmonic distortion.

The amplification caused by wave distortion depends on
both the phase relation between the first and second harmonic
components (@) and the phase relation between pressure and
velocity (¢.). Figure 2 shows the effect of both of these vari-
ables. Maximum response is obtained with in-phase proper-
ties (¢2 = 0 and ¢, = 0). The response is much more sensi-
tive to variations in the second harmonic phase angle than to
the velocity phase angle. With velocity in-phase with pres-
sure (¢. = 0), second harmonic phase angle of +=90° cancels
all the distortion amplification and gives the response of
sinusoidal oscillations. Phase angles beyond ==90° cause a
deamplification and in the extreme, give negative responses.
The effect of velocity phase angle is much smaller. The re-
sponse is above the sinusoidal value for all values of the veloe-
ity phase angle when harmonic components are in-phase
(g2 = 0).

The drop vaporization process is velocity sensitive and the
response of the process depends on this velocity sensitivity.
The steady relative axial drop velocity or Mach number,
AV /e, controls this velocity sensitivity and its effect on the
response is shown in Fig. 3. The amplification caused by
wave distortion is negligible for relative axial Mach numbers
above about 0.1 (about 500 fps in rocket combustors). How-
ever, relative velocities below this value typify many rocket
combustors and amplification can become very large. Rela-
tive velocities generally increase with a decrease in the con-
traction ratio of rocket combustors. Instability should be less
prevalent in low contraction ratio designs. Tests by Wan-
hainen et al.’ confirm this deduection.

Some types of distortion found during acoustic resonance
are adequately described by two harmonic components.
Distortion, however, is more realistically characterized by a
series of harmonic terms. A harmonic series which fitted the
change in pressure wave shapes with amplitude in an experi-
ment with strong traveling transverse acoustic resonance? was
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Fig. 3 Effect of relative axial drop velocity on response.
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Fig. 4 Response for strong traveling transverse waves with
multiple harmonic content, v = 1.2.

found to be

P = zw: (p1)» cosnwt (6)

n=1

Near the wall in the traveling mode the velocity is in-phase
with pressure and acoustic properties can be approximated by

p! = (/V)P'; up = (¢/1.847)P’ @)

The response and wave shape for such oscillations are shown
in Fig. 4. The response generally increases with amplitude
for a constant relative axial velocity up to a maximum re-
sponse of about 1.08. The value is above that needed for in-
stability in rocket combustors.

Figure 4 provides some insight as to why a disturbance
above some finite value will cause a rocket combustor to be
unstable. Increasing the size of the disturbance increases the
harmonic distortion which amplifies the response. Above
some level of disturbance, the amplification is sufficient to
cause instability. The amplitude needed for instability (® =
1 approx.) for the various axial velocities are comparable to
the minimum amplitudes predicted by Priem and Guentert.
Their results undoubtedly depended on the amplification
caused by the wave distortion they observed.

Conclusions

This analysis shows wave distortion to be a crucial variable
affecting combustion stability. It can amplify the response of
a Reynolds number controlled process beyond that needed for
unstable combustion.

The effect of wave distortion on the response of the com-
bustion process is too large to be neglected in any stability
analysis of a combustor. Quantitative agreement between
experiment and analysis cannot be expected unless its effects
are included. Progress toward unraveling some of the remain-
ing apparent mysteries of combustion instability could be ex-
pected by directing more attention to the causes and effects
of wave distortion.

It can also be concluded that harmonic distortion in com-
bustors should be minimized because it is a cause of combus-
tion instability. Selectively absorbing harmonic content and
thereby altering wave shape may aid in controlling combustion
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instability. Aecoustic liners used in combustors selectively
absorb certain frequency components that can alter wave
shape. They may be most effective when they remove the
second harmonie component of the basic oscillation.
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Transient Axisymmetrie Bending Stress
in an Infinite Cylindrical Shell at an
Elastic Ring Stiffener

D. B. Loxgcope* anD M. J. FORRESTALT
Sandia Laboratories, Albuquerque, N. Mex.

AN infinite, circular eylindrical shell containing an internal
elastic stiffener ring is subjected to an axisymmetric,
uniform, radial impulse. The bending stress in the cylindrical
shell at the ring stiffener is caleculated from the shell bending
theory which neglects transverse shear deformation and
rotary inertia. In Ref. 1, bending stresses for the special case
where the stiffener ring was rigid were calculated on the basis
of the shell bending theory and a shell theory, which included
corrections for rotary inertia and transverse shear deforma-
tion. A comparison of the response data indicated that the
effects of rotary inertia and shear deformation only influenced
the very early time response, and that the shell bending theory
was adequate for p13dicting the maximum bending stress.

Equations of Motion

For the circular eylindrical shell shown in cross section in
Fig. 1, the equation of motion according to the shell bending
theory, with the axial normal stress resultant taken as zero, is

(OW/oXH + W + (@:W/T2)] = (a2l/ERS(T) (la)
W =w/a; X =g/a; T = ct/a; ¢t = E/p; o =
21 — »9al/h? (1b)

h h

r
- A
Fig.1 Geometry fL—JP —?x a 3w
of the problem. L
it
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Fig. 2 Path of inte-
gration.

where w is the radial shell displacement; x is the axial co-
ordinate; tistime; I isthe specific impulse; 6(T') is the Dirac
delta function; and a, A, p, E, and » are the shell radius,
thickness, density, Young’s modulus, and Poisson’s ratio, re-
spectively.

The shell is infinite in either direction from the ring sup-
port, and the following boundary conditions for the shell are
taken at the support

oW/oX =0 at X =0 ‘ (2a)
D3W X4
bX3 [(1 + nKOW + (1 + nM) DT2] =
2
%gf at X =0 (2b)
where

n = h/h; K=FE/E; M = p/p; L =1/a (2¢)

and [, &, p,, and E, are the ring length, thickness, density, and
Young’s modulus, respectively. Symmetry requires that the
slope of the shell vanishes at the ring stiffener and Eq. (2b)
requires that the ring and shell displacements are equal at the
ring-shell interface. It is assumed in the development of Eq.:
(2b) that the ring radius is equal to the shell radius a. Equa-
tion (2b) is essentially the equation of motion for a ring that
includes the resistance of the shear forces of the shell; thisis .
accounted for by the term 0°W/dX? These shell boundary -

conditions are the same as those given in Ref. 2.

Solution

The bending stress in the shell at the ring stiffener is ob-
tained by employing the Laplace transform method. The
transform of Eq. (1a) with quiescent initial conditions is

QMW /dX* + a2(1 + )W = a%I/Eh 3)

where T is the transform of W, and s is the transform vari-.
able. The transformed bendlnor stress at the radially outer o
shell surface is given by ‘

= [Eh/2a(1 — v1)]0*W/0X? o N

Equation (3) is solved subject to Eqgs. (2a) and (2b) and the

reqmrement that W is bounded as X — «. The solution W

is substituted into Eq. (4) and evaluated at X = 0 to give

s % aclnM (ay + s%)

7T 2a(l = )L+ adD)(L+ I [bg + bi(1 + )+ 57]
(5a)

=K/M; by =14 nK/1 +aM; b =
282/ 2L(1 + nM) (bb) -

Thus the formal solution for the bending stress at the outer
shell surface for X = 0 is

1 otio
o= o [ e gt as ®)

where b is a real, positive number.



